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Page 31: The last term of equation (A1ll) should be
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SUMMARY

A method of preficting the dynamic response of airplene wings
to gusts by consldering only the fundamental mode of bending ls
presented, together with the results of model tests made to evaluate
the method. In addition, the results of & serles of calculatlons
obtained by using the methed are glven to illustrate changes In
the dynemlc response of airplane wings dbrought sbout by changes in
gust and alrplane parameters. An appendix giving the details of the
method and the procedure for the determination of constants is
included.

Although the test results are not sulteble for predicting
dynamic-stress ratios, they serve to indicate that the method is
of sufficient accuracy to predict the ratio of maximm dynamlc
wing deflection to maximmm fuselage acceleration increment for
conventional ailrplanes. The test results also 1llustrate the
need for inclvding aerodynamic demping in calculations of dynamic
reapornse of sirplane wlngs.

The calculations made to show the effect of chenge of certaln
gust paremeters indicate that:

(1) The dynamic-stress ratio for airplane wings increases as
the gradient distance of the gust decreoases.

(2) For the assumed design gust of 10-chord gradient distance,
the overstress in a singles gust mey be as much as 12 percent.

(3) Although the results for one type of repeated gvst are
not conclugive, & repeated gust does not seem to be more critical
than a single gust.
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The calculations made to ghow the effect of change of certain
alrplene parameters indicate thet for the assumed design guast
of 10-chord gradient distance:

(1) A change in forward velocity of the alrplane does not
appreciadbly change the dynamic-~stress ratio.

(2) A reduction of wing frequency by & change either in welght
or in stiffness of the wing results imn an increase in the dynamlc-
stress ratio.

(3) The wing-tip acceleration increment is generally much
greater than the fusslage acceleration increment and the ratio of
the two tends to increame as the speed increamsges.

INTRODUCTION . .

predominating loads considered are ceused by mBneuvering and by
gusts. TFor transport-type airplenes, for which the design maneu-
vering loads are relatlvely low, the design gust loads are fre-
guently critical, easpeclally e=s the operating spesd increases.
These gust loads, for simplicity of calculation, are assumed to
be static loaeds applied to & rigid airplane. ¥or the smmller
alrplenes, the assumption of a rigid structure appears toc be
reasonable. With increase in size, however, airplane wings tend
to deflect more and, thus, the assumption of rigidity is subject
to question. Consequently, the trend toward larger end faster
alrplanes necessitates the determination of mothods for calcu-
lating and evaluating the effects of dymemic response.

In the past a number of investigations of the dynamic response
of alrplane wings on encountering gusts have been conducted.
Notable smong these investigations are the onea reported in
references 1 to k. In reference 1, under the assumption of no
pitching motion, Kussner sets forth the exact equations for the
loads and moments when the alrplane encounters a gust and applies
these equations to the flexural gystem which is composed of the
wing end fuselage of en @irplane. Since a mathematical error was
Tound in his simplification of these integro-differential equatlions,
the calculated results given by Kissner are therefore considered
invalid. References 2 and 3 present two other simplifications of
the problem, but the dynamic-stress results are difficult to
dissociate from the stebility reactions in which they ere contained.

A
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Reference UL presents still another simplification that is bamed on
an infinite-mass fuselage. These reference papers represent
isolated Investlgations of various parameters affecting the

dynamic response of alrplanes to gusts and use a number of methods
that cannot readily be evaluated by comparison. In additlon, the
validity of the various Investigations has never been experimentally
shown.

Upon consideration of the need for investigating the flexural
reactions of larges airplanes in gusts and because of the omissions
in the existing literature, an investigation was underteken with
the following purposes in mind:

(1) To evolve a relatively simple, yot sufficlently accurate
method for dstermining the dynamic stress in the wings of a glven
airplane duve to thely dynamic responss to gusts.

(2) To make an experimental check of the method.

(3) To make a study of the effect of the changes of gust and
airplane paremeters on the stress due to the dynamic response of
airplane wings.

The results of thls investigetion are presented herein, together
with the analytlcal method, which is restricted to the fundamental
mode of bending and includes asrodynamic demping.

SYMBOLS
M, equivalent mass of wing, slugs
e
Mfe equivalent mass of wing-fuselage, slugs
M megs of airplane, slugs, (M.we + Mfe)
Sy abgolute displacement of equivalent wing, feet
op ebsolute displacement of equivelent wing-fuselage , Teet

B3 wing-tip deflection increment, feet, (By - Bf)
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7y (%)
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meximm value of (3, - B¢), feet

deflectlion of equivalent wing under conditions corre-
gponding to normal static deslign procedure, feet

equivalent wing demping coefficient, pound-seconds per
foot -

equivalent wing-fuselage damping coofficlent, pound-seconds
poer foot

damping coefficlent of entire airplane, pound-seconds
per foot, (xwe + xfe)

equivalent spring constant based on wing frequency end
equivalent wing mess, pounds per foot

wing frequency, oycles per second

time, seconds

forcing function on entire airplane, pounds

forcing function on equivalent wing, poundse

foreing function on equivalent wing-fuselage, pounds
acceleration increment normal to chord of wing, g units
acceleration increment on rigid sirplane, g units

maximue value of acceleration increment on rigld
ailrplene, g units

proportion of total alr load assumed to deflect eguivalent
wing

welght of airplane and of equt alent biplane, pounds
wolght of equivalent wing, pounds

agust veloclty, feet per second

average maximum gust velocity, fee‘b—pqr second

pitch-a.nglé increment, degrees
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v . Porward velocity, feet per second

differentiel operator

Hy gradient distance of the.first gust (fig. 2), chords
B, gradient distance of the second gust (fig. 2), chords
E distance between the end of the gradient distance of first

3 guast and the beginning of the gradient d.istance of
second gust (fig. 2), chords. _ e

A= at bt =1

tePb | : : LT T

= WbeAn,

Ang arbitrary load-factor increment that the alrplane would
experiencs if it had no vertica.l motion when traversing
the gust, g unilts

D= % at bt = 1 or at the maxlmm value of the _function te'bt

ANATYTTICAT, METHOD

Examination of the problem of the dynamic response of alrplanes .
to gusts shows that the spanwise distribution of the imposed loads
varies over wide limits (reference 5) and that the structure itself
mey react in a numbor of coumbilnations of modes. Rather than attempt
to solve the general case, conslderation was glven to a method. for
determining the origian of the principal stresses wlith the inten‘bion
of reducing the prohlem to one of reasonable dimensions. As a
result, this paper ls concerned with the analysis of the fundemental
mode of bending cf the wing under symmetrical loads which are
aasumed to be known. '

Development of Method

. Briefly, the present method follows the steps given in
references 2 and 3 in that the airplane 1s replaced by a simple
equivalent asrcdynamic and elastic system. The basic forms of
forcing fimction to be used for the resy .se ¢f an ailrplane to
known slngle gusts, however, have been nclected from the results
of gust-tunnel tests such as those described in reference 6.
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Biplane a8 equivalent sirplane.- The problem of determining
the stress caused by dynemic response is simplified by the previous
essumption that the fundamentel mode of vibration of the wing ls
the most significant. As & result, the deflection of the wing tip
with respeet to the fuseclage may be taken as a direct measure of _
the stress in the wing. The equivalent system, them, ls represented
28 a biplene (fig. 1) that has the motions of the rigid upper wing
and the rigld lower wing-fuselage combination adjusted to have the
pame motions as the wing tilp and fuselage of the alrplane under
Investigation. The equivalsnt biplane system must include the
proper distribution of =zercdynamic as well as inertia and elastic
forcea or force coefficients., The problem ls then vresolved into
one of obtaining the proper constents to be used as cosfficilents
in simultanecus linear differential equatiens which represent the
equivalent biplane. These equations follow:

a®s,, a5, '

My '?1_1:-5‘ + )wwe T + K(By =~ 5f)_ = Fwe(t) ) (1)
d%s, a5 ' .

Mfe'-E;§'+ kfe'ERT - K(8y, - B¢) = Ffe(t) (2

These equations are selved for the stress in the wing as represented
by the wing deflection (8, - 85) and for the load rarameters
reprosented by the fuselage end wing-tip acceleration increments.
The detalls of the solution and the procedure for determinetion of
the coefficlents are given in the appendix.

Since the normal gust-load design procedure essumes that the
lead is applied statlically and thet the normal acceleration is
constant slong the span of the airplane, the dynamlc wing deflection
must be compared with the static wing deflection under the actlon of
the acceleration of the " rigild" slrplane, TIn order that the anmparison
be valid, the rigid-airplane acceleration Any,  is determimed as

the response of the equivalent biplans to the sum of the forcing
functions Fwe(t) and Ffe(t) when the springs are replaced by
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rigld rods. The static deflection Bgy 18 then calcula,ted from
the simple formuls

Anm—(lgw - WwS) 3 (3)

Bt =

which, in accordance wlth normal design procedure, considers no
aerod:ynamic damping of the static wing deflection. Tho stress
computed by the static-load method 1s therefore mmliiplied by the

ratlo Bp../Bat-

Of further interest is the fact that, since equatlons 1 and 2
are linear, ratios of the meximum flexible-wing acceleration
Increments to the corresponding meximum rigid-airplane acceleration
increments are independent of the magnitude of the load end mey be
applied directly as multiplying factors to those acceleration
Increments computed in the determination of the gust load.

Reguired conditions.- In arriving at the characterigtic values
of the coefficlents for the equivelent biplane ’ the following
conditions should be satisfied:

(1) The total mass of and the total lomd on the equivalent
biplane should be identical with those of the original alrplane.

(2) The kinetic energy of vibration of the upper wing should
closely approximate that of the origlnal wing beam for an amplitunde
of vibration of the upper wing egual to that of the tip of the
original wing.

(3) The natural frequency should be the same as that for the
Tundamental mode of the originel wing.

(4) The upper wing should deflsct under the equivalent static
load the seme amount that the wing tip of the airplane does under
the corresponding eercdynamic static-losd distribution.

(5) The damping coefficient of the upper wing should represent,
at least to peak load, the damping of the motion of the wing.

i Discuassion of Terms

Bquivalent masses and spring constant,- The equivalent mesges
end spring constant are determined from conditions (1) to (3).
The equivalent masg of the wing MWe is generally determined




8 NACA TN No. 1320

first and the equivalent sprinsg constant K 1@ then determined
from the known or estimated wing frequency. The sgulvalent’
wing-fuselage mass Mfe is then simply the total mass of the

eirplane M minus My, For special cages, such as strut-

pupported winge end arrangementa other then the conventional
cantilever monoplane, conslderable care is required.

Damping coefficient.- The damping coefficient is actually
the 1lift per unit vertical veloclty for each wing section along
the span of the eirplene and, as such, includes the effect of the
vertical motion of the airplane as & whole, as well as that of
the vibratory veloclty caused by the bending actlion of the wing.
Although the 1ift or damping force ariging from the two motlons
would be subject to the effects of ungteady flow, an anelysis
and_some tests, described in the appendix, Indicate that an
acceptable approximation to the unsteady-lift damping loed is to
represent this load as 75 percent of the steady~lift damping load.
The proportion of the total demping coefficlent essligned to the
upper wing of the equivalent bipleane should change as_the alrplane
traverses the gust beoause of the change in the relative signifi-
cance of the wing-deflection velocity and the vertical velocity of
the alrplane as & whole. In a given calculatlon, however, the
proportion used 1s assumed to be determined by the relation
exlgting between the velocltles at the tims of maximum wing
deflectlion. Since thig relatlon 1s not kmown prior to the calcu-
latlons, an epproximate criterion, described in the eppendix,
wvas determined for the division of the total damping coefficlent A
into Ay, end’ Mg-

Forcing functions.- The forcing function 1s considersd to be
the time hlstory of the alr loads applied to the rigid airplane
minug the damping load due to vertical motion. The omission of
the damping load due to vertical motion from the total air loads
is necessary because it is included in the damping terms of
equations (1) and (2), which provide for epproximation of both the.
vertical motion and vibratory damping. With this omission in mind,
the forcing function may be determined by any of several available
methods. One method used by Kiussner (reference 1) is to set up the
baslc equations in terms of gust velocity and its spanwise dlstyi-
butlion and to include these equations directly as the forcing
functions in equations (1) and (2). A second method would be to
solve a set of equations such s given in reference 7, which
describe the reactlon of a rigld alrplene to & gust and,from the
resulting timg history of acceleration, to determine-a curve
representing the forcing function F(ts In order to permlit this
second form of the forcing function to be nsed readily, a solution
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is made of equations (1) and (2) with a unlt-function type of
forcing function (reference &) for a dealred reaction such as
wing deflection. The results are then combined through the use
of Duhemel's integral which may be solved graphically through
uge of the method given in reference 9. _ .

Since for these calculations the shape of the curve repre-
senting the forcing function is the principal characteristic and
since the unsteady-lift effects and the effects caused by stablility
reactions are of doubtful accuracy Insofar as their predlctiocrs
ere concerned, 1t seemed desirable to make some approximation of
the forcing function to obviate its calculation for esch airplsme,
This spproximetion wae accomplished through the analysis of
accelerometer records from the tests of rigid-sirplane models
traversing known gusts of the type shown in Ffigure 2(a). The
procedure followed was to compute the time hisbtory of the vertleal
velocity during the traverss of the gust, to determine the dauping
force due to thls vertical velocity, and to add the acceleration
increment due to this demping force to the net accsleratinon incre-
ment from pessage through the gust. For representative gust
shepes, from a sharp-edge gust to one rising to maximum velocity
in 20 chords, ths resulting tlime histories of the foreing functions
were determined and it wes found that, for practical purposes, all

curves could bs represented by & function of the type Ate .
When unconventional designs are considered, however, it appears
that the second method mentioned or tests of the model in the
gust tumnel should be used to determine the forcing-functlnn type.

The specific phape of the curve representing the foreimg
function Ate'bt Tor & given calculation is determined from sn
approximate relstionshlp between the chordwise velocity distri-
bution of the chosen gust and the reaction of the given airplane
to the foreing function. The tests on rigid-alrplane models also
showed thet the maximum value of accelevation increment oecurs
approximately at the time that the model reaches the end of ths
gust gredient distance H,. As a result, the choice of the

value b 1n the forcing function Ate™P% 4o make this forcing
function represent a given gust gradient disgtance is merely one
of making the time hisgtory of the rigid-airplane acceleration
increment An, reach its maximum value at the same time that the

eirplane reaches the end of the gust gradient dlstance Hy. &

general procedure for the selection of values of b to represent
glven gusts is outlined in the appendix.
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The forcing function Fwe(t) is ascertained by determining

the equivalent static losd on the upper wing of the equivalent- -~ -- =~ -
biplane which would yileld the same doflection of the upper wing

as the total distriduted static elr load ylelds for the original

wving tip. The forcing function Ffe(t) ig then merely the dif-

ference between TF(t) and Fwé(t).
EXPERIMENTAL INVESTIGATION

In order to obtain information on the reliebility of dynsmic
response calculations of the type considered hersin and the dif-
ficulties to be expected in any actual application, tests were
made in the gust tunnel of a simple model equipped with semirigld
wings. These tests were conducted for three conditions of wing
stiffness and for three gust-gradient distances to determine the
fuselage acceleration and the corresponding wing-tlp ‘deflection
inecrements.

Apperatus

The model used for the tests is shown in flgure 3. Pertinent
characteristics of the model are given in table I and in figure k.
The wing pansls were rigid and connected to the cabane by flexure
pletes to permlt freedom of motion in "bending" while offering a
maximum stiffness in torsion. 8Strute connected by universal Joints
to the wing (fig. 5) were supported on the inboerd end by canti-
lever springs which could easlly be changed to modify the natural
wing freguency. The rigld-wing condition wag obtained by attaching
the struts directly to the fuselage. - L

The model carried a miniature accelerometer and lights at the
rose and tall and other lights were located at the wing-strut B
connections to impress records of the wing-tip deflection om the
accelerometer film through & lens mirror system as indicated in
figure 6. A sample accelerometer record ig. shown in figure 7 where
the time hiptories of wing-tip deflection are lsbeled A and the
acceleration time hiatory is labeled B. The distence C Dbetween
the time historles results from the fact that the two record 1light
beams strike the film 90° apart on the drum.

The guat tunnel and assoclated equipment have been described
in detail in reference 6. The gust types pertinent to the present
yaper are sghown, together with test results subsequently described,
in figures 8 to 10.

>
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Teste

Tegts congisted of e ninimm of 10 flighte for sach of the
wing-frequency values, 13.5, 26.1, and infinite cycles per second,
and related spring constants and for each of three gust types. The
tests were mede for one forward velocity, gust velocity, and air-
plene weight so that the only veriables were gust type and wing
frequency. For each flight of the model through the gust, measure-
ments were mads of the forward velocity, gust velocity, normal

fuselage acceleration, wing-tip deflection, and the pitching
motion.

Precision

The measured guantities are estimated to be accurate within
the following limits for any flight:

Normal fuselage accelerati-n increment, g units . . . . . 0.05
Wing-tip deflection, dnches . « ¢« v ¢ & ¢« ¢ ¢« ¢ ¢ ¢ « +» « « 10.01
Forward velocity, feet per second . . . » . . « f e 0 e 1.0
Guet velocity, feet per secomd . + « « « ¢« ¢ o o ¢ o o s« 0.1
FPitch-angle increment, degrees . . R T R 0.2

In addition to errors in the recorded quantities resulting from
ingtrument characteristics and limitations on reading accuracy, '
enother error which is difficult to evaluete 1s that of the unl-
formity of the gust shape both laterally and longitudinally. The
longitudinal variation (in the direction of £light) of the gust
shepes shown in figures 8 to 10 would tend to modify the shape of
curve representing the forcing function from that assumed for a
linear gradient. With such varietions existing in the directfon of
flight similar variations might exist across the span of the model.
Inspection of more recent surveys teken 1 foot on either silde of the
center line indicate that, at points in the gust, such variations
could be of the order of 12 percent of the center wvalue.

Results

The launching is intended to set the model in a steady straight
glide at constant speed without pitch, roll, or yaw. In actual
tegts the fulfillment of these idesl conditions is almost impossible
and therefore, 21l flights in which pitch, roll, or yaw were excessive
prior to entry into the gust must be disregarded. The records from
each satisfactory flight were evaluated to obtain time histories
of acceleration increment, wing-tip deflection increment, and pitch
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increment during the entire traverse of the gust and to obtain the
forward speed and gust veloclty for the flight., BSample time his-
tories of the acceleration lncrement and the wing-tip deflectiom
increment are shown in figures 8 snd 9 Ffor the two wing frequencies
uged, 13.5 and 26.1 cycles per second, respectively, and the time
historlies of acceleration increment are shown in flgure 10 for

the rigid-wing condition. The results are plotted ageinst the
dietence penetrated Into the gust in chords and have been corrected
to a forward speed of 61 feet per second and a gust velocity

of 6 feet per second on the essumpticn that the acceleration
increment and wing-tip deflection increment are directly propor-
tional to forward speed and gust veloclty for small variations in
these quantities. Results for two Tflights under similar con-
ditione are shown as & samplse of thoe date cobtained for each
condition of wing stiffness and gust shape. '

In order to provide a measure of the pliching response of the
aelrplene model, data are presented giving the pitch-increment

ratiq 532%3%#1 at the instant of maximum acceleraticn lncrement.

Analygis of past gust-tunnel tests has shown that this ratlo is
approximately equel to the fraction by which the measured
acceleration increment diffcrs from that predicted by the analysis
of reference 10, which assumes that the alrplane does not pltch

whlle treversing a gust. Averege values of ¢ QU§V. for each test

conditicn are shown in figure 1l as & function of the-dlstance to

peak acceleration increment to indicate the dependence of the ratio
on gust gradlent distance. Alamc shown is the scatter band of data
for four models (six conditlons of welght and apeed) from the tests

of whilch the forcing function Ate'bt wag derived.

Plgure 12 ghows the maximum values of acceleration and
wing-tip deflectlon increments for each wing frequency, for all
records read, as the wing-tip deflectlon per unlt acceleration
plotted against the gradlent dlstance. The right and left wing
results have been glven separstely to show the degree of symmetry
of the wing-tlp deflections.

CALCULATIONS

In the preceding sections of this report, a method wes outlined
Tor calculating the dynamic response of airplane wings under the
ectlon of arbitrary gusts and some simple tesits of & model in the
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gust tunnel were described. The remaining problems are to determine
whether, consldering ths experimental data, the method ylelds
results of reesoneble accuracy and, finally, to Investigate in a
gonerel way sone of the siunificant factors which dstermine the
degree of dynawic responge of eirplane wings in turbulent air.

The first problem - that of checking the accuracy of the
method against experimental data - mey be solved simply by checking
the date obteinsed for the airplane model against calculatlions
baged on the conditions for which the tests were made. Data for
the solution of the second i coblem, however, requires calculations
for representative airplenes for wvhich dymamic response might be
of soms concern. The alrplanes soelscted for these calculations
were those for which some informetion as to structure and mass
distribution wes avallable.

Briefly, ths calculetions were masde ‘to indicate the effects
of alrplane welght, weight distribution, gust size, alrplane speed,
and wing stiffness and to investigate the possibility of further
simplification in the mothod of caloulation.

Calculations for Comparison with Experimental Results

In the dynsmic-stress calculations for the test model the
principal differences from the method set Fforth in this paper for
the normal cantilever-wing alrplane arise from the fact that the
wings of the model deflect about the hinge as rigid bodies. As &
result, paramsters affecting angular-frequency reactions pre-
dominate, In other words, the actual spring constant of the model
is in units of torque per degree of deflection and the reactions =
of the wing also depend on the moment of inertia of the wing panels
ebout the hinge point. The moment of inertia of the wing panels,
therefore, was determined experimentally and the equivalent wing
mass for the calculations wes that mass which, 1f placed at the
model wing tip, would heve the same moment of inertis sbout the
hinge points as the wing panels. Since the wing frequencies for
the two model condltions were known, the equivalent linear spring
constants were then determinad.

Further differences from the normel cantlilever-wing case arise
when consideration ig given to the division of the air and damping
loads applied to the model into the corresponding loads for the
equivalent biplane., The division of the damping coefficient in
the sherp-edge gust and in the gust with 10-chord gradient distance
can be shown to be approximately 0.50 and 0.50 for the equivalent
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wing and wing-fuselage, respectively, whereas for gradient dilstances
greater than 10 chords the dlvision aspproximates that for the air
load, namely, 0.37 and 0.63 for the wing and wing-fuselage.

The equlvalent constants, together with tThe values such as
test forward velocity and the gradient distances of the test
sts, are included in teble I. The actual guat profiles
Eu plotted against horizontal distance Trom edge of gust

tunnel) are given in Ffigurer 8 to 10. In the case of the sharp~ |

edge gust, the value of b, chosen for the forcing function Ate'bt,

was determined from the average of valuwes of the time required to

obtaln peak acceleration of the model in the rigld-wing condition

on entering this type of gust end corresponds to 4.6 chords of

travel into the gust since, in this problem, the leg in development

of 1ift of a wing entering such a gust has the effsct of g guset

wlth short gradient distance. _ .
Calculations for the model with an arbitrary impressed load

corresponding to a An, of 2g Wwere then made to determine time

historles of wing-tip acceleratlon incremepnt, fuselage acceleration
increment, and wing-tip deflectlon incremant for the conditions
given in table I. The shapes of the calculated time-history curves
of fuselage acceleration Increment were compared with the experi~
mental curves for each flight by adjusting the maximum calculated .
value to agree with the maximum experimental value. By using as
the adjusting factor the retio of meximum calculated to experi-
mental values of fuselage acceleration increment for each flight,
the cealculated time historles of wing-tip deflection .increment
were then compared wlth the experimental time historieg. Sample
comparigons are given in figures 13 to 15.. Included in figures 13
and 1t is & line representing the calculated value of the static
deflection Bgy Ffor each condition shown. The calculated wing-tip

deflection per g of fuselage acceleration increment for each
condition is compared with the test results in figure 2.

Additional celculations. for the two flexibdle conditions of the
model were made under the ewssumption of no vibratory demping. The
method uged for these calculations was obtained by eliminating the
damping terms from the left-hand sides of equations (1) and (2) and
by using net Iforcing functions whioch included the demping of the
vertical motion of the airplane as a whols, The results of these
calculations are also presented in figure 12 as the wing-tip
deflection per g of acceleration increment.
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Calculations for Effect of Change of Certaln
Parameters on Dynamic Responss

The sirplenes chosen for the calculations are dssigneted
models A, B, C, and D: model A is a scaled-up version of the teat
model which may be considered to represent a four-sngine lsndplane,
models B and C are four-engine landplanes, and model D is a large
bimotored flying boet. Some of the data for models C and D have
been presented previously in refersnce 11 but have been included
herein for purposes of further anslysis.

The changss in airplene constents chosen for consideration were
thoge resulting from the effects of varying the wing stiffness, of
arbltrarily omitting all vibratory damping end fuselage Gamping
alone, and of verying the flight conditions of forward velocity and
woelght. The conditlions and baeslc constants for the calculations
ere Included in tebles IT and IIIX.

General conditions.~ The c:horﬁw:i.s-= velocity dlstribution of a
single gust wa.s assumed to be of the type shown in figure 2(a).
In alwmost all ceses the calculstions were made for three gust
ghapes, 0-, 10-, and ebout P0-chord gradient distance, although
flight experience has shown that, for all sizes of modern alrplanes,
the most probable severe gust has a gradient distemce of 10 chords.
In all cases the forcing function representing the gust was of the

form Ate"bt

Calculations of the effect of repested guste were made for
distributions of the type shown in figure 2(c)} by the method of
superposition indicated in reference 8, pages 42-43 and illustrated
in figure 2. The values of Hy end H, were those chosen for the

calculations for single gusts eand the value of H3 wvas determlined
to produce the greatest wing-tilp deflection for the com'bina.'bion of

gusts.

Tne results of the ca.lculations for each airplane are presented
in the form of three ratios plotted against the gradient distence of
the gust for which the calculations were made (fig. 16). The
meximum scceleration increments of the fuselage and of .the wing tip
of the airplane in the Tlexible condition are given as ratlos to
the corresponding maximum acceleration increments when the alrplane
is considered as a rigid body and are called the fusslage acceleration
retio and the wing-tip acceleration ratio. The wing-tip deflection
ratio or the dynamic-stress ratio Bdw/ﬁst is the ratio of the

maximom dynamic wing-tlp deflsction 5 to the static wing-tip
Gmax
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deflection Og¢ which would be determined under static loading

conditions or as defined pre¢.ilously in eguation (3). The individual
celculations are outlined in the following sections:

Model A.- Model A is the scaled-up verslon of the gust-tunnel
model. Thne two conditions for calculation (tebles IT and ITT)
differ In the same way es the two conditions for the gust-tunnel
model; that is, the wing frequency for condltion 1 is approximately
half that of condition 2. The results of the calculstlions in ratlo
form are given in figure 16(a) and 16(b) and a cowmparison of the
dynamic~stress ratios for the two conditlions are shown plotted
against gradlent distance in figure 17.

Model B.- The calculations for model B were made primarily to
Investigate the effect of slmplifying the calculations by elimi-
nating the fuselage damping term from equation (2) while keeping
all other constants identical. The results of the calculations
for each condition are glven in figure 16(c) and 16(d) end a com-
perison of the dynamic-stress ratios for the two conditions is
given in figure 18. B

Model C.~ Model C 1s a modern, largs, and fast landplane.
Calculations were made for a range of gust gradient distances for
the airplane flying at its cruising speed of 260 miles per hour
and the results in ratio form are glven in figure 16(e). Addi-
tional calculations were made for assumed speeds of 200, 300,
and 400 wiles per hour for the stendard gust with gradient distance
of 10 chords in order to determine the effect of forward velocity
on the verious ratios. The ratios determined, together with those
for the gust with gradient distance of 10 chords at 260 miles per
hour, are shown plotted aghn a8t forward velocity in figure 19.

The calculations for the three gredient distances at 260 miles per
hour are used subsequently In obtaining the response to repeated
gusts.

Model D.- The calculations for model D were made to show the
effect on the ratios of a change in welght of the ailxplane such as
to change the frequency of the fundamental mode of vibration of
the wing beam. The two conditions shovm in tables II and ITI for
this alrplane represent the normal gross welght and the overload
groas welght. Note that the forward velocitles for the two con-
ditlone are different. The results of the calculstions are given
in figure 16(f) and 16(g). A comparison of the dynsmic-stress
ratios for the two conditione is given in figure 20. As in the
case of model C, these calculations were also used for the deter-
mination of the response to repeated gusts.
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Repeated gusts.- The basic curves chosen for the extension of
the calculations to determine the response to two successlve gusts
were the time histories of the reactlons of model C, condition 1,
and model D, conditions 1 and 2, (Pigs. 21 to 23). Sample time-
history curves for a repeated gust couposed of two equal and
opposite gusts of gradient distence of 10 chords arranged relative
to one another to give meximum negative wing deflection, are glven
in figures 24 to 26.

Since the iInterest is primerily in dynamic stress rather than
in accelerations, the calculated basic curves were superimposed to
determine the maximum overstress from the combinetion of the
reactions to two gusts. The maximum values of dynamic-stress ratio
occurred when the repeat gust was negative with respect to the
first gust and the sequence period or distence Hq (see fig. 2)

had & pronounced effect on the result. The maximum value of An,

occurring in the whole sequence was used to determine the statlc
wing-tip deflectlon. Table IV .presents selected cases which were
the most serious of a number of conmbinations exemined. In this
teble, the results refer to *epeat gusts having the same velocitiles
asg the initial gusts.

DISCUSSION

Experimental Results and Associated Calculations

Experimental regultg.- It was intended to determine the
dynamic-stress ratios Bgy,./Sgt directly from the test Tesults of

the two flexible and one rigid condition of the model. Examination
of the test data showed, however, that the scatter of the data
within en individual test condition precluded such & procedure._
As & result, the relative magnitudes of the wing-tip deflection in
the flexible condition were used for comparison with calculations
and these magnitudes were determined ae the ratio of the maximum
wing-tip deiflectlon to the maximum fuselage acceleration for a
glven flight of the model.

As previously polnted out, the experimental date were corrected
for veriation in forward velocity and gust velocity and, therefore,
the results for e given gust shape and modsl condition theoxet;gglly
should be equal. Examination of filgures 8 and 9 shows, however,
that this equality does not exist and that the scatter, ssy, in the
left wing-tip deflecticns may be as great as 17 percent in even these
selected cases. In eddition, the meximum values of acceleration
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increment for the rigld condition, from which the stetic wing-tip
deflection B4 would be d.iermined, hed large scatter. Since the

overstress or understress in these cases would probebly not exceed
20 percent, the experimental date is not sufficilently conasistent
to predict the dynamic-gtress ratios sdmax/sst.

Although the experimentel date as a whole does not eppear to
be enfficlently accurate to be used as & check of the prediction
of the dynamic-stress and acceleration ratios by the analytical
method, the data in the form glven in figure 12 appears to be
sufficlently consistent to check the order of magnitude of the
predicted wing-tip deflection. This experimental data in figure 12
is presented as the vatio of maximum wing~-tip deflection to maximum
meagured acceleration increment as & function of-the gradient
distance of the lmposed gust. The data for the right wing appeared
to be less accurate than that for the left wing, probably because
of local buckling of the right-wing hinge. The test data for the
left wing then appears to be sufficlently consistent for use es a
check of the order of megnitude of the predicted wing deflections.

Comparigon of calculated results with experimentel results.-
The calculated results for the test model, represented by solid
lines, are compared with the experimental results in figure 12.
The comparison indicates that, for the consistent experimental
data for the left wing, exzperiment and calculstion are in good
agreement a8 to the magnitude of the deflections.

Although figure 12 shows that the results for the left wing
in the model condition of f = 26.1 cycles per second for the
longest gradient dimstance d-Ifer by sbout 15 percent, this apparent
dlsegreement is minimized by consideration of the precision of
measurement of the experimental data. Examination of figure 1k(c)
showa that the recorded wing-tip deflection was only of the order
of 0.07 inches. Since the preclsion of measurement is }0.01 inch,
the agreement between calcuisted and experimental results for this
test condition mey be within 5 percent. In general, the average
of the experimental data for the left wing, with optimunm inter-
pretation of the precision, is less then 5 percent from the
celculated values.

Exemination of the time histories on figures 13(a) and 1k(a)
shows that the actual oscilletions of the wing, subsequent to pesk
wing-tip deflection, eve not checked by the calculated results.
Thie difference is caused by the necessity of -chooging a constant
dlvision of demping coefficient in the equivalent system to repre-
sent e given gust condition. The method of application and the
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amount of vibratory damping, however, appears satisfactory when
compared in figure 12 with the results obtained when 21l vibratory
derping is omltted from the calculations.

The results of the comparison of experimentsl and calculated
data for the flexible wing modsl then indicate that the method of
calculation is asdequate for prediction of the ratio of maximum
dynamic wing-tip deflections to maximum fuselage acceleration on
encountering certain single gust shapes.

Iimitetions of Calculations

Limitations shown by model tests.- The applicability of the

forcing function Ate~Pt  1g bost shown by the comparisons of the
calculated and exverimental time histories of acceleration incre-
ment for the model in the rigld condition (fig. 15). Since the
comparisons shown were made by adjusting the calculated curves so
that the maximum valuss of scceleration increment sgreed with the
experimental results, any ¢.scussion must be bassd on the shapes
of the curves alone. It 1s thought that the greatest part of the
dlscrepancies between the curves 1n figure 15 may be ascribed to
the effects of pitching motion. The form of the forcing function
for each gust gradient is intended to include the amount of

pitching motion indicated by the band of data of Aﬂ@%ﬁ shown in

figure 11. The M—é??-vi ratios for the rigid-wing condition of the

model do not all fall wlthin this band of data. The direction in
which these ratios differ would tend to explain the difference
between the experimental and calculated curves of figure 15, except
for the long gradient-distance case (fig. 15(c)) where the experi-
mental and calculated curves appear to agree perfectly, although

.Q
the £¥¥§;§_ﬁ ratio for this case is the furthest from that expected

(fig. 11). If, however, the éxpérimental values of accelsration
increments were raised to consider the piich correction and the
calculated values were increased in proportion to the new maximum
acceleration incremsnt, the two curves would again closely coincide.
It would appear then that the foreing Ffunction in the form

of Ate"Pt ig adequate for calculation purposes; however, cere
should be exercised in its applicetion to te sure that in a gust
the stability of the airplsne intended for caiculstion approximates
thet indicated by the bend of data in figure 11, If not, recourse
should be made to alterrative methods of calculation mentioned
previously.
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The comparison in figure 11 of the-ég%;%;ﬁ- ratlios for the
flexible conditions of the t-st model with those for the rigld
condltlions indicates that the assumption of the same pltching
stability for both rigld and flexible conditions is in error. It
appears therefore that an invesgtigation should be mede to deter-
mine the lmportance of the effect of wing flexibility on the
stablility of an airplane in a gust. . '

Whereas the effect of a constant division of desmping coeffi-
clent appesars to be negligibls when the present method is uszed
to predict the maximum responses to single gustas, the obvious
overdemping of the vibratory wing motion subsequent to maximum
wing-tip deflectlon might well lead to an error, if the results
for single gusts were supsrimpcsed in order to obtain results for a
succession of-gusts. Conglderable care shovld be exercised, there-
fore, when interpreting results for repeat gusts that are deter-
mined from single-gust results based on the calculation method of
this paper. ' o

In general, the limitations of the method of calculation
brought out by comparison with results of model tests are thought
notto affect seriously the results calculated for the responss to
single gusts. A certain smount of dispersion from the pltching

stabllity essumed by the forcing functilon Ate'bt doses not appear
to aflect seriously the results when presented in ratio form. It
is apperent that, when the results for single gusts are super-
imposed to obtain results for successive gusts, the calculations
for the eingle gusts must be mede with greater attention to factors
such as the shape of the forcing functlon and the effect of the
assurption of a congtant divi.sion of damping load.

Other limitations.- Other limitations of the method of calcu-
lation are apparent in the assumptions that only the fundamental
mode of wing bending 1s exclted and that the gust is uniform along
the span of the airplans, When the actual spanwise distributicns
of guast veloclty shown in reference 5 are congidered, it 1s apparent
that the response in modes other than the Ffundamental mode of
bending and the effect of roll and yaw of the ailrplene should be
investigated. . _ .

Although, for further simplification, wing torsion was
neglected in the present analysis, twisting of -the wing uvnder
dynamic conditions in.combination with wing bending may readily
heve an adverse effect on the loads for which an airplane must be
densigned.
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The method of analysis presented in this papsr should sither
be extended or replaced by another method. so that wing torsion,
other modes of bending, and the effects of unsymmetrical gusts
are considered. '

Results Calculated for Effect of Change of
Certain Parameters

General results.- The results of the calculsations glven In
figure 16 for all tne alrplanes chosen show that the dynamic-stress
ratio in all cases Increases from an understress for a gust of long
gradlent distance to moderete or high overstress for a gust of
short gradient distance. The general shape of the curves seems to
indicate that even higher overstress would occur in shsrper gusts
than those gusts examined. The lag In the development of 1ift in
the gusts of short gradient distance would preclude, however, such a
result, since even for sn infinitely sharn gust, the forcing function
would be similer to that for a gust with a gredient distance of about
4 chords. Note that, although the dynamic-stress ratios appear to
approach zero as the gradient distance of the gust increases, thils
condition 18 not the actual cese but results from the fact that,
when the calculations were made, account was not taken, in the
dlvision of the dsmpinz coefrficient, of the changing relative
significance of the vibration and of the over-all vertieal velocities
of the wing. If the correct division had been made Ffor the gusts
with a gradient distance of 20 chords, the dynamic-stress ratio
would tend to approach 1.0 for most of the cases shown in figure 16.

The results of the calculations ghown in figure 16 for models A,

C, and D show that, at the design gust of gradient distance of

10 chords, which is ageumed for most convencional airplenes, ths
dynemic-stress ratio varies from ebout 8-percent understress. to
about 12-percent overstress. Although at this time a designer
cannot take advantage of amall amounts of understress, when over-
stress 1 indicated by the calculations, it is thcugh+ that this

- dndication should be considered in the design of the airplane.

Althovugh, for the airplanes considered, the fusslage acceleration
ratio does not appear to vary much from a value of 1, the wing-tip
acceleration ratio at 10 chorde i1s as high as 2.7 in one case and
greater than 1.6 in most of the cases. This variation indicates
that the wing-tip accsleration ratio should be examined when con-

centrated masses or wing components near the wing tlp are considered
in a design.
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Effect of & change of wing frequency caused by & change In wing
stiffness,- The calculations made for the. gust-tunnel tests dlscussed
previously show the effect on the dynamlc-stress ratios of a change
of stiffness of a wing such as to halve epproximately the frequency
of vibration of the wing. Examination of figure 17, which glves a
comparison of the dyrnamic-stress ratios for the two condltions,
shows that at present nothing can be concluded from the results
because, although the ratlo for the higher wing-frequency cese is
the higher in the shortest [ radlent gust, the ratlo becomes lower
than the low-frequency case as the gradient Increases. At the
criticel gradient distance of 10 chords, the high-frequency case
shows, however, a veduction in dynemic-stress retio of 14 percent
below the low-frequency caese. Further analysis of this particular
guestion 1s therefore needed before the conclusion can be reached
thet & reduction of wing frequency in this menner tends to Increase
the dynemic-stress ratio at the critical gradient distance.

Effect of simplification by omitting parts of the damping.-
The ccmparison of the dynamic-atress ratloe for the two celcu-
lation conditions for model B (fig. 18) and the effect (fig. 12)
of eliminating vibratory demping from the calculatioms serve to
1lluetrate that simplification of the method by omitting parts of
the dempling does not appesr feasible.

Effect of a change in forwerd veloclty of an airplane.- The
results given in figure 19 illustrate ihe change brdaught about in
the three ratios by increasing the forward, velocity of model C
from 200 to 400 miles per hour. The increass of velocity together
wlth the corresponding increase in the rate of application of the
guat load would appear to result in an incresse in the dynamic~
stress ratio. Figure 19, however, shows that the ratio does not-
vary much as the apeed Ilncreagses and this lack of variation is
thought to be caused partly by the fact that the asrodynamic
dexping increasges directly as the speed and tends to offset the
expected increase in dynamic stress. Whille the results for the
fuselage acceleration ratio show & simlilar trend, the wilng-tip
acceleration ratio increases from about 1.8 to 2.5 as tae speed
is doubled, which further . phaslzes the recommendation that-the
wing-tip accelezation ratio be comsidered when concentrated masses
or wing components near the wing tip are considered _in a design.

Effect of a change of wing freguency caused by a change in
flight-weignt condltion.~ The calculations for model D were made
to show the effect on the dynsmic-stress ratios of & change in
flight condition from normal gross weight to overload gross weight.
Teble II shows that the forward velocity is different in the two
cases, but consideration of the foregoing dlscuseioun may Justify
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the assumption thet this factor ls negliglble. The results are
given in flgure 20, with dyhamic-stress ratlo plotted as a function
of the gradient distance of the gust, A reduction in wing frequency
brought about by the addition of mass ia shown to result in an
Increase in the dynemic-gtress ratio. Further analysis and calcu-
lations appear to be needed, but a tentative conclusion 1s made
thaet for a conventional alrplane & reduction in wing frequency
cauged by the addition of mess results in en increase in the
dynamic-stregs ratio.

Effect of repeated gusts on the dynemic-gtress ratiosg.- The
results of celculations for models C and D were presented previously
in reference 11, and the values of taeble IV are taken from table IT
of that paper and show the most serious values of overstress for
two guats from & combination of the calculations for = single gust.
Teble IV shows that no def’nite correlation exists betwseen the effect
of gradient distance of the first and second gusts and the distance
between them H,. This lack of correlation results from the
iInfluence of certein other factors, such as the relation betwsen
the time to peek acceleration and the period of wing vibration,
which complicate the problsm when the reactions to one gust are
superposed on the reactions'to another gust.

Examination of the values in teble IV shows that substantial
overstress exists for all ths combinations of gusts presented and
that the sddition of e sghort gredient gust produces the largest -
value of overstress. As indicated previously, however, the gust
veloclty measured by an airplane tends to decrease from & maximum
for a gradient distance of 10 chords es the gradient distance is
decreased. As a result, the values of dynamio streses to be con-
gldered are these (indicaued by the footnote in teble IV) that
represent the coulbinsbtion of the reactions to gusts having a
graldient distancs of 10 chorde. Before er estinete can be made
es to whethsr the overstiess shown for ths airplanes in question
is serlous, it is necessary to consider the conditions upon which
the values in table IV were celculated and the effect of the
intenglty and size of gusts and their spatial distribution in the
atmosphers,

The results shown in teble IV were based simply on the premise
thet the quantity of interest wes the ratio of meximum stress
obtained under dynsmic conditions to the maximum stress that would
be computed under static conditions without regard to velocity or
spacing of such palrs of grnds in the atmosnhere. Examination of
the time histories of reactlons given in figures 24 to 26 indicates
thet for eech case shown the dynemic-stress ratio given in table IV
is the ratlo of the meximum dynemic deflection in the second gusat



2L NACA TN No. 1320

to the static deflection B8, - computed from the maximum value

of sn, in the second gust. As pointed out im reference 11,
however, vhen design conditions are considered, the ratlo to use
is thet of the maximm dynemic deflection of the whole sequence
to the deflection computed from the static loed in the flrst gust
because, if the two gusts were each of design velocity, the
design static load would be ettained on passage through the first
gust., The values determined on this basis for the succession of
two gusts of l0-chord gradlent distance indiceted in the teble
would then be as follows:

. ' /
Model Condition 84q/84¢ -
C 1 1.62
D 1 1.58
D 2 . - 1.64

An anelysls glven in reference 11, however, based on fregquency
data of single gusts, indicated that the gust.velocities of two
repeated gusts would range from 0.61 to 0,75 the velocity of the
single design gust so.that, multiplied by these ratlos, the
dynamic-gtress ratios glven would be reduced to an average

of 1.10 times the design siress.

A recent statistical analysie of the characteristics of
repeated gusts in turbulent eair (reference 12) provides more
concrete data, howsver, than the enalysis used in refeirence 1ll.
Two conclusions from reference 12 sgtate that sets of two repeated
guste with average ebsolute effective gust velocities of 25 feet
per . second apparently are encountered in turbulent alr as often
asg sgilngle gusts of Intensity greater than 30 feet per second, and
that the over-all average spacing between two repeated gusts is
about 25 chords. Note that svacing as defined in the reference
paper 1is the distance between accelsration peaks and in the
terminology of thls paper would corregpond to the sum Hp + E3.

Teble IV shows that the sums of Ho + H3 in the cases

indicated by the footnote do not epproximate 25 chords; therefore,
a new superposition of the responses to single gusts of 10 chords
was made go that the spacine would be 2% chords. The dynamic-
stress ratios for the threo cases were then determined as the
retios of the maximum dynemic deflection in the sequence to the
deflection computed from the static load imposed by the first guet
end the results were reduced by the retio of the average gust
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velocity for two repeated gusts to the design velocity for a single
gust which is 25/30. The results detormined on this basis are
compared with the results for the single guste of 10 chords in the
following table:

Design Desgign
Modsl Condition repeated gusts gingle 7usts
B4 5/ Ost . Bappy/O8%
c 1 0.96 1.07
D 1 1.08 0.92
D 2 1.10 1.09

The variation in the results indicates that the dynemic-stress
retios for a design repeat gust should be investigated. The
results also indicate, however, that these dynamlc-stress ratios
are not likely to be much greater than those which would be
determined for a design single gust.

CONCIUSIONS
Analytical Method aend Experimental Work

It eppears from consideration of the comparison of the experi-
mental work end assoclated cslculations that:

1. The enalyticel method es presented in this paper is of
sufficlent accuracy to predict the ratio of the maximum dynamic
wing-tip deflection increment to the msximum fuselage accelsration
incremsent for & conventional airplans.

2. Simplification of the method by omittinz perts of the
demping does not sppear feesibls.

Calculations

The aralysis of the results of the calculations for the effect
of change of certain gust and airplane paramsters indicates:

1. The dynamic-stress ratlo for airplane wings from encountering
gusts increases &s gradient distance decreages,
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2., For the assumed deslign gust with the gradlent distance
of 10 chords, the overstress in a single gust may be as much
as 12 percent.

3. Although the results for the two sirplsnes esch of which
encountered ons type of repeated gust were not considered con-
clusive, & repeated guat does not seem to be more critical than a
single gust. ) . .. -

Lk, For the assumed deslign guest of 1lO-chord gradient distence,
the wing-tip acceleration increment is generally much greater than
the fuselage acceleration increment and should be teken into
sccount when designing for concentrated magses or wing components
neer the wing tip.

5. For the assumed design gust of 10-chord gradlent distance
the dynamlc-stress ratio does not change eppreciably with chenge
in forward velocity of the r lrplane, but an increase in speed is
accompanied by an increase .n the wing-tip acceleration retio.

6. A reduction in wing freguency either by a chenge in stiff-
ness or by & change in weight increases the dynamlc-gtress ratio
et the assumed design gust of 1l0-chord gradient dilstance.

Langley Memorlael Aeronautical ILaboratory ..
Netional Advisory Committee for Asroneutics
Lapgley Field, Va., Jenuary 15, 1947
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APTENDIX

DETATLS OF METHOD AND PROCEDURE FCR
DETERMINATTION OF CONSTANTS

Certain assumpticns were made to simplify the problem of
determining the dynemic vesponse of airplene wings on encountering
gusts. These assumptions are:

(1) The iwposed gust loads are symmetrical sbout the center
line of the airplane and their chnravte“istics in the line of
flight are kmown.

(2) The imposed gust loads exclte only the fundamental mode
of bending of the wing with the result that the stress in the wing
is proportionel to the deflection of the wing tip.

(3) The Porward veloclty of the airplene is constant d.uring
pansage through the gust.

Together with these assumptions, an alrpleane is reduced %o
the equivalent biplens shown in figure 1. The equations of
motion of the two paris of the equivalent blplane are reduced to
linear equations with constant coefficients. The solution of the
equations and the method of delermination of coefficients follow.

Solutlions of Equations
Generel eguations.~ The equatlioas for which the solutions

follow contain the type of foreing function used for calculations
in this paper.

2 .
&8y 8y §
My —F Mg g5 ¥ K(Bw © 0f) = Aygte (a2)
(2]
a"8p 8¢ 5 -
e T T Mo T T K(ow - 8r) = Be to™" (a2)
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Since equations (Al} and (A2) are simulteneous linear
differential equations, equation (A2) may be solved for 8, end

the result substituted for &, in equation (Al). This process
leads to the following:

(D’* + 87D3 + D3 + a3D> 8 = Fite~Pt 4 Foebt (43)

where

- X'W'eM:f‘e + A'fePdWe

8 ; (Ake)
1 L'Lwere
K@&We + Mp e) + My Mg
8y = ————— (kD)
2 My Me
KAW + Kf )
By = O (Alc)
e e
Ay K Ar, / xw b X
Fy = oy Mp_ + f\}f"‘\ - H{{;) (A58a)

Afe xVe
Fo = s [ o o 2D A5b
2 Mfe (Mwe ) ( 5b)



NACA TN No. 1320 | 29

Bquation (A3) may be recognized as a linear differential
equation with constent coefficlents which mey be golved by methods

comcnly used for solving differentiel equations. Solutiem
for B¢ 1is

R+t -R-t Rt
By = cqe 1* (cos Rot) + coe 1¥ (gin Rot) + c3e 3
Fq Fp  FaGo
—ta-Db .‘b'h
+ cy + lte + (Gl o | (A6)

where Rq &nd Rp are the veal and imaginary parts of the complex
roots Py t Ryif-1 end R ia the real root of the cublc equation
derived from equatiog (A3} oy, cp, o3, and ¢ are constants of
integration; and in the particular integral of the solution:

Oy =" - 203 + b2 - &b (A7e)
- 4b3 - 28 bP .
) 3a,b% + Eaa'b a 3 (&70)

In the case whers G4 = O a special solutlon of the equation

would be reguirsd, but this solution can be obviated by chooring a
8lightly different wvalue for D.

Equetion (A2) is solved for the deflection of the equivalent
ving with respect to the equivalent wing-fuselage (B, - Bg) and

for the spece position of the squivalent wing B,.. The resulting
equations follow:

bt
Mfe 6.25f ’ }"fe dﬁf Afete

8, - 8p = +* - A8
W hig a2 X 4t X (48)

-bt
. Mre aPsr Mo abe N Ap te”
vIK G2 TR @ TFTTx

(49)
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The vertical velocities of the equivalent wing-fuselage and
of the equivalent wing are determined from the flrst derivatives
of equations (AS) and (A9), reapectively, and the normal accelera-
tions are determined from the second derivatives.

In order to perform an arithmstical solution for a partlicular
elrplane, 1t has been found edvisable to insert the pertinent
numerical congtants for the sirplane in equation (A3) and solve.
In eddition, experience has shown 1%t necessary to carry elght to
ten significent figures throughout the solution so that the
results are useful because, at different stages in the evaluation,
small differences of large quantitlies are obtained.

Rigid-wing accelerstion increment.- The normal gust-load
design procedure aseumes that the load is applied statlcally and
that the normel scceleration 1s constant along the span of the
eirplene. The difference bstween this assumption and the actual
case is shown by ratlos of the accelerations determined under
dynemic conditions to the accelerations that would be determined
if the elrplane wers rigld. In order that the comparison be velid,
the rigid airplane acceleration increment An, 1s determined as
the response of the scuiva.:nt biplane to the over-all forcing
functlon on the alrplane when the springs are replaced by rigid
rods. With this restriction equations (Al) end (A2) may be
combined to become

b bt
Ay + Ag f Onp dt = Ajte” - (A10)
0

where

end --
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When the integral in equation (Al10) is removed by di:lter-
entiatlon, the equation becomes a linear differentlal egquation
wlth constant coefficlents which may be solved in the same menner
as equation (A3). The complete solution is:

Ao Agb B, W o S L
Anr:[f—_—+(kc-b2](e " e c)-g-'bte (a11)

Static deflection and dynemic-stress ratlo.- The static
deflection used in the dyunemic-stress ratio to represent the
static stress in the wing 1s considered as the deflection of the
upper wing of the egulvalent biplane under the conditions of the
normal static design procedure. The static deflection is then
computed as followas: ' ’

Anrmax(l' w - 'w"’e) : 12)
bay = el E ) d

The ratio of the maximum value of dynamic wing-tip ’
deflection &; , a8 determined by equation (A8), to the static
mex

deflectlon B854 18 called the dynamic-stress ratio since the
stress, determined under static conditlions, is rultiplied by this
ratio 'to take Into account dynamic conditioms.

Determination of Constants for the Equations
Regulred conditions.- In determining the values of the coef-

flclents for the equivalent biplane, the following conditions
should be satisfied: :

(1) The total mass and the total load on the equivalent biplane
should be 1dentical with those of the original airplanse.

(2) The kinetic energy of vibration of the upper wing should
closely approximets thet of the origirel wing beam for an amplitude
of vibration of the upper wing equal to that of the tip of ths
original wing. '

(3) The natural frequency should be the same &g that for the
fundementel mode of the original wing.
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(4) The upper wing should deflect under the equivelent static
loaed the seme amount that the wing tip of the alrplane does under
the corresponding aerodynamic stetic-load distribution.

(5) The damping coefficient of the upper wing should ropresgent,
et least to peak load, the damping of the motion of the wing.

Equivalent masses Mﬁé end Mfe.- The equivalent mass Mw.e

is obtained from an approximate requirement that the kinetic energy
of vibration of the original wing beam is reproduced by the upper
wing of the equivalent biplane. The esquivalent mass of the
fuselage Mfe is taken equal to the total mass of the airplane

minus Mwé.

In the absence of more definite information the combined
effect of concentreted masses and nomaniform wing structure is
egsumed to be such that the equivalent wing mees may be determined
from the following relation which represents an spproximation to
that which would be derived for & uniform cantilever beam. Thus,

n, - 5 ()]

(see fig. 1) vhere x 18 the distance from wing root to tip end x
is the distance to the indlviduel mass AM. For special cases, such
es strut-supported wings snd srrangements other than the conventional
cantilever monoplens, other suiteble approximations cen be deviged.
If the wing were. & uniform cantilever beam, Mﬁé vould be approxi-

mately 24 percent of the mess of the wing (reference 13, pp. 83-89).

Bqulvalent spring comstant X,- The equivalent spring constant
defines the springs in the equivelent biplane which allow approxi-
mately the seme frequoncy as the cantilever wing of the original
airplene. The value of K may be approximated by using Mgé and

the known or estimated wing frequency in the relation:

_L
T= zn\}bg,e
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Alr loads or forcing ™ nctione.- As In the case of the mass of
ths airpizns, the totel alr load must be divided into the components
affecting the motions of the fuselage and wing tip of the original
airplane. If the-deflection of the wing tip under a given statlc
air loed is known, the transfer ‘o the equivalent blplane is
accomplished by merely determining the loed applied to the equivalent
spring which glves that ssme deflaction to the upper wing of the
equivalent biplane. The reomainder of the load is then applied to
the lower wing-fuselage combination. Any air load of the same type
a8 this static air load may be divided into the seme proportion and
applied to the equivalent systom to glive the ssme deflections end
reactions as the load ceusss on the original airplane.

Date on deflection, however, is often not available. Recourse
ey then e made to several methods of detsrmining the division of
loada., One gimple approximation 1s to assums that the wing of the
airplane is & uniformly atiff centilever from root to tip. Then,
1f the beam 1s counsldersd to be weightless, the equatlon for the
deflection of the tip of tue beam under a concentiated load placed
at the tip is compared with the equations of .deflection for two types
of loading distributed along the beam ss follows: a uwniform load
along the beam end e load uniformly tepering from a maximum at the
root to zero at the tip. The differerces in the three equatlons
ere in the numericasl "efficilency’ factors which are one-third for
the concentrated load, one-eighth for the uniform load, end one-
fifteenth for the tapered load. A concaentrated load at the +tip
of a cantllever beem that will give the same deflectlion as & uni-
form lcad is then one-eighth divided by one-third or three-elghths
of the uniform losd, and tr- equivalent concentrated load to replece
the tapered loed is three-tifteenths of the tapered load. The eatl«
mate of the shape of the span lcading of & given alrplane probebly
Tails somewhere between that of a uniform lcad end of a tapersd
load so that a comparison of these shaves indicetes that betwsen 20
and 37.5 percent of the total lcad producss the tip deflection and
the remaindsy is considered as acting at the wing root. If the
wing under consideration does not approximate closely enough a
uniform cantilever, allowance for thls dlscrepancy can be mede In
chocsirg the percentages of load.

The forcing functions Awete"bt and Afe'be‘-b'b in

equaticns (Al) snd (AZ) represent the air lcad on the wing apart
from the dampling,divided as in the previous discussiocn,vwhere

Ap =A
Aw5+ fe
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and

Ang W
A=-—=— at Dt'=1 or Wpedn, (A13)

te'bt
arbitrary lomd factor increment the alrplane would experience
o,
if 1t had no verticel motion when traversing the gust

b = % at— bt = 1 or at the meximum value of the function te'bt

The next problem is the destermination of a value of D eo
that the farcing function represents & gust of a glven shape.
Gust-tunnel tests of relatively stable end rigid models (reference 6)
heve shown that the peak of the acceleration-increment curve occurs
et the end of Hy, as given in figure 2(a). The time necessary

to reach the maximum value of the time history ocurve of the rigid-
wing acceleration increment, which is obtained from the forcing
function curve by use of equaticn (All), is assumed, therefore, to
represent the length of the gradient of the gust imposed on the
alrplane. Since the peaks of the forcing-functlon curve and the
ecceleration~increment curve do not occur at the same time except
in the case of an airplane of infinite mmass, the followlng pro-
cedure for the determination of a value for b has been derived.

(1) Three or four va..es of b are chosen so that they
represent - a range of peak valiues of the forcing function corre-
sponding to from 2 chords of travel of -the alrplane to LO or 50 chords
of travel.

(2) The time necessaery to reach the maximm value of Any, is

determined for each value of b chosén and converted to chords of
travel of the eirplane.

(3) A plot is made of b egainst chords of travel to peak
of the An, curve.

(4) The values of gust gredlent dilstance chosen for the calcu-
lations are then used with the curve plotted in step 3 to determine
the corresponding values of b.

If the forcing function Ate~Pt ‘does not adeguately represent
the case cénsidered, the actual forcing function for the sharp-edge
gust may be determined from calculaticne similar to thoss calecu-
lationa outlined in reference 7 or by recourse to guat-tunnel tests.
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Equations (Al) and (A2) would then be solved for a unit-function
type of forcing function (reference 8) and the result built up into
the response of the flexible airplene to a gharp-edge gust by the
graphical method outlined in reference 9. This response of the
Plexible airplasne to a sharp-edge gust may then be considered as
the response to & unit-function-type guet and be again built up to
represent the resmponse of the flexlbls airplens to any type of
gymmetrical gust. R

Dauwping factor \.- Consideration of the reaction of en air-
plane to a given gust “or the reaction of the equivalent diplane
to the forcing fvnction indlcates that two distinct motions have
to be damped - the vertical motlon of the airplane &s a whele and
the vibratory motion of the wing itself. Since thes vertical motion
riges from the action of unsteady 11ft, the damping of this motion
is also subject to unsteady lift effects. The vibratory motion of
the wing falls in this cutes Oory because the 1lift of an oscillating
airfoil has been shown (rc.’evences 14 and 15) to be affected dy
unsteady 1ift phenomena. Determination of the effects of this .
unsteady 1ift is therefore-necessary in order to predict corrsctly
the dynamic stress of an airplene wing upen entry into a gust.
The obvious solution would be to include the equations of unsteady-
1ift demping directly in the dynemic-stress equations, but this
procedure wculd destroy the linearity of the equations and make
them very difficult %o solve. The steady-lift damping would

© be g.mSV times the velocity of oscillation with % S¥ & conebtant

for a given case. Tnasmuch as having the damping coefficient in
this foim wounld fulfill the conditions for normal solution of the
original equations, an enslysis and some tests were made to
determine whether the effect of unsteady lift on the damping Fforce
cculd be consildered to reduce the steedy-~-lift damming force by e
congtant factor - a damping-efficiency fector - without seriously
impairing the results.

The analytical determination of this factor was derived from
the followlng expression for the change in Cy, brought about by a
sudden change in angle of attack:

g-!
1 & )
= t t & t
ACL = m/; CI (Sl -8 ) IaT ds (Al’-l-)

L
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where .- ) -

ACq, change In coefficlent of 1ift

n slope of 1lift curve, radlans

CL ratlio of absoluts value of the unstesdy-1ift function for &

% sudden change in angle of attack to 1ts absolute value

at t = @ for a wving of aspect ratio of 6

sl' digtance of travel from initiation of angle-of.attack change
to point at which 1ift is desired, half chords -~ ’

a' distance of travel frém initiation of angletaf-attack change,
hel)f chords .

%%T rate of change of engle of attack with half chord of travel

Substitution of Jones' approximation of the unsteady-lift function
for aspect retio 6 for a sudien change in angle of attack (reforence 16,
equation (29)) changed to ratio form

¢y o -0.381(g¢"-8"
Cr,, (81" - 8') = *.000 - 0.3615~0+381(sy"-5")
is made in equation (All), Then, assuming & simple harmonic vertical

motlon of the wing, the following substitutlon ie made:

doo_ _ Xk '
PP v eln ks

where

o =g —

v

U vertical veloclty of wing

v horlzontal velocity of wing _

X measure of the maximum vertical velocity of wing

k:..’l..



NACA TN No. 1320 37

and

8, distance of trevel of wing for one period of oscillation,
half chords '

The indicated integration in equation (All) is performed and

the result 1s dlvided by the agsumed gteady-lift damping such that
the damping-efficiency factor is glven by

-C1 cos ksq' - Cy sin keq' + 1.000 + 039—0.38151’

Al
1 - cos key' (815)

where )
11° .

Cl = 1,000 - "'9‘:'-3-6—_;“—2' . e

S 0.1b5 + K

_.0.138k

2 0.5 4 ¥2 ) — _

c = . 0,362
3 0.145 + k2

Evaluation of expression (Al5) for a series of ratios of wing
fregquency to half chords of travel shows thet the damping-efficiency
factor varies considerably throughout a cycle of oscillation of the
wing, but the greateat varlation occonrs =5 the vibration velocity -
aprroaches zero or at the point of minimun damping force. Ae a
result, an average value of 75 percent for the magnitude of the
damping-efficiency factor was taken from the parte of the cycle
where the damping force waa near the maximum value so that the
total damping coefficlent » 1s given by the equation:

A = 0.75 %nﬁv
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In order to obtein an experimental verificatlion of the mothod
and result of the theoretical determination of damplng-efficiency
factor, testes were conducted on & 10-inch helf-spen helf.model at-
three different wind speeds 1n the %?-scale model of the full-scale
tunnel, Oscillatory motion about a flexure plate hinge at the wing
root wea begun by the decreass in 1ift caused by the . sudden deflec~
tion to zero of a plain £lap that formed the entlire trailing edge
of the wing., The flap motion and the wing-tip motion werse recorded
as time histories and the demping coefficlents were then determined
from the logarithmic decrsmente of the wing-+tip oscillations
(reference 13, p. 35). The results of these teets indicated that
the value of 75 percent determined by the theoretical anslysis was
& valid quantity for the deamping-efficiency factor.

The damping coefficic.te for the upper wing snd lower wing-
fuselege must now be determined. The proper values for ths
individual coefficlents are dependent upon the spanwlse distri-
bution of the vertical velocitles of the originsl wing which
changes a8 the alrplane penstrates the gust., In the case of .
uniform epanwise distiribution of vertical velocity (case 1), the
aivplane demping coefficient A i1ig divided in tho sames way as
the Impressed aireload coefficient so that

)\‘We = E)\.
Xfe = E)‘.

For the cesse where the spanwise dlstribution of verticel veloclty
equals the deflectlon curve of “he assumed uniform cantllevor wing
of the original airplere {case 2), the total demping load on the
orlginel wing ie concentreted near the wing tlp and is epproxi-
mately equal to A tilmes oné-third the tlp velocity. When thils
situaticn 1s applied to the eguivalent biplene, the total damping
on the egquivalent hlplene 1s applled to the upper wing so that xwé

18 then equal to %—x .

Cage 2 repregents the situetion as the alrplane firet pene-
trates the gust and case 1 opresents the situaitlon later in the
renetration when the vibraticn has damped out. In order to avold
destroying the linearity of equations (Al) and (A2), coefficients
chosen on the basls of conditions existing et maximum load are used
to calculate the entire time history. If case 1 exists, the time
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histories of reactions calcvlated are not seriously affected;
however, when case 2 exists, the time historles subsequent to peak
load would be quite seriocusly in error. In order to account Tor
this inasccuracy and to sffect & transitlon between the two cases,

Mg, 1s feken equal to gk in case 2. This assumption will not

affe t the results for the penetration into the gust repressnted
by case 2, because the vertical velocity of the fuselage of the
original aixplane and the wing-fuselage of the equivalent biplane
would be zero.

In ordsr to provide & way to determins which dlvision of
damping cosfficient ie applicable in = given calculation, an
arbltrary criterion was found that depended on the relation
between the alrplane vertical velocity, which was determined by
integrating the time history of the rigid-wing ascceleration incre-
ment An, to its meximum value, and the vibration velocity of the

wing, as determined by dividing the static deflection &gy by the

time required to reach maximum Any -from the beginning of the gust.
Vhen the ratio of airplane vertical .velocity to the vibraiion
veloclty is less than 5, ithe division into one-third and %two-thirds
applies, and when the ratio is greater than 5, the damping coeffi-
cient 1g divided into one-fourth end three-fourths. Note that the
divisions of damping cocefficient given apply in particular to con-
ventional cantilever-wing alrplanes., Other types of airplanes
would require specilal enaslysis. :
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TABLE I

CHARACTERISTICS OF THE TEST MODEL AND
EQUIVALENT CONSTANTS FOR CALCULATION

Veluea constant for tests

Welght, 1b 1.832 Pitahing moment of inertia, slug-ft? | 0.00782
Wing area, sq £t 1.1 Radiuvs of gyration of wing, ft 0.66%
Mean geometrie chord, ft 0. 3 Welght of wing, lb 0.293
Span, £t ' ﬁ : Maas ratio, My, /M 0.03%3
Slope of 11ft curve, per radian T3
Forward velooity, fpa 61.0 Mz load ratio, Ay, /¥ .37
Gust veloelty, fps 6.0 Demping factor, v‘-, 1b=sse/Tt 0.2954
Valuss changed in tests
= 13.5 ops; X = 13.608 1b/ft f = 26,1 ops; K = 51.02, 1b/ft
Varlablesa 3+5 ! 3 / ? /
Gust 1 Gust 2 Gust 3 Gust 1 Gust 2 Gust 3
Gradlent diatanges of
gust, chords .6 7.8 21.2 L.6 8.8 22,4
Damping ratio, A, /).. 0.50 0,50 0.37 0. 50 0.50 0.37
Forcing-f\motion ractor,
A, 1lb/sac 275.948 | 151,921 | 37.2580 275.948 132.495 | 38.7523
Twe constant, b,
per seo 27.70 15.25 3.7 27.70 13.30 3.89
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TABLE II

CHARACTERISTICS OF AIHPLANES CHOBEN
FOR CALCULATIONS

¥ing ¥ing Mean geo- Hatural Blops of | Humber | Forward
Airplane |Condi- Welght aree loadling Span metric wing fre- | 11ft ourve of veloc- Remarks
tion (1p) (aq £t) |(1b/eq ft) | {I%) ohord t(:_uenc)‘ {per engines 1ty
{rt) ops) radian) (mph)
Model A | 1 100,000 1700 5%.8 113.4 14.93 2,20 b, 73 ) 256 Hypothgtiou.l
girplane
2 100,000 1700 53.4 113.8 1k.93 4,25 b.73 4 256 acaled from
flexible
wing modsl
Model B 1 I, 260 akgo 18,1 150.0 18.53 3.59 4,76 § 200 Fuselage
2 "I, 860 24%0 15.1 150.0 18.53 3.89 b, 76 y 200 mm‘éa“f..
condlition 2
Model € | 1 100,000 1710 54.5 1%0.0 | 12.21 2.45 5.0l " 260
ceds
2 100,000 1710 58.5 140.0 12,21 2,45 5.0k L 200 aggunad
for
3 100,000 1710 58.5 ibo.0 | 12.21 2.h5 5.04 b 300 |ealeulation
M 100,000 1710 | 5&.5 0.0 | 12.21 2.15 5.0l " 400
Model D 1 62,500 1826 . .2 140.0 13.04 2.50 4.93 2 19¢ |Normal gross
. welght
2 102,000 1826 56.0 140.0 13.04 1.b3 4,93 2 160 Orerisgad
groes welght

NATIONAL ADVISORY
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TABLE IIX

CHARACTERISTICS AND CALCULATION DATA FOR BIPLANE EQUIVALENTS
OF AIRPLANES IN TABLE II

Biplane Gradient H"e . Dawmping - Forolng A Spring Time
\erii‘.;;t Gﬁtzdi- diztancs, ',7?51_;)-1, {elugs) | e faa:er, _? ?::;igian il asnax*--.t, asngtant,
of o (cho%da) 4 {1b-geo/rt) {1b/sac) A (1p/£%) (per gec)
MHodel A| 1 4.6 100,000 | 103,33 [0.03%33 2,614,0 [0.500 | 2,445,000 | 0.37 19,630 4.Eg
9.0 1,344,000 2.
22.0 329,000 «606
2 4.6 100,000 | 103.33 | .0333 2,614,0 .500 2,145,000 | .37 73,300 4. 50
8.8 1,169,000 2.15
2.4 342,500 6%
Model B[ 1 2.8 I %60 | 65.43 | 0470 | 3,090.0 J333 75,;&4 .25 56,436 4.00
U7 1, E 2.00
81 328,308 1.33
7.1 243,886 1.00
2 a? by, 860 | 65.43 | 0470 1,030.0 [1.000 75,584 | .25 56,436 k.00
g.5 34 g R
10.9 243, 1.8
Model 1 Te7 100,000 | 106,38 | .0343 | 2,972.9 .333% | 3,773,000 | .25 25,233 6.5
10.0 1.255,552 2.31
20.0 hg2, 28 .2387
2 10.0 100,000 | 106.38 | .0343 2,256.3 -333 989,401 | .25 25,233 1.82
3 10.0 100,000 | 106.38 | .0343 [ 3,384.5 «333 1,540,699 | .25 25,233 2.65
L 10.0 100,000 | 106.38 | 0343 [ 4,512,7 .333 | 1,980,11% | .25 25,233 3.64
Model D} 1 4,3 62,500 | %0.23 | .0258 | 2,239.0 .333 1,ugo,s93 .25 12,406 L2
10.3 - hdg 132 1.2
20.5 155,962 .u5g
2 3.9 102,000 | 1h4.ud | .olay 1,885.4 «333 2,168,225 | .25 12,406 3.91
10.1 720,893 1.2«3
20.2 273,939 494
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TABLE IV

MOST SERIOUS VALUES OF OVERSTRESS FROM ALDING
THE REACTIONS OF TWO GUSTS

[Based on reference 11]

H . H H 5
1 2 3 Smax
{chords) (chords) (chords) Sat
Model C, condition 1
%.75 3.75 16.2 1.40
.75 9.99 13.7 1.26
3.75 19.0% 3.75 1.26
9.99 3:715 39.34 al+35
9.99 9.99 37.46 1.25
9.99 19.98 27.47 1.08
19.98 3.75 72.43 1.44
19.98 9.99 69.9 1.34
19.98 15.98 59.9 1.20
Model D, condition 1
4,26 4,26 14,50 " 1.20
4,26 10.25 11.96 1.09
4,26 19.53 5,13 1.09
10,2 4,26 . Ol 1.31
10.22 10.25 %g.us a1.31
10.25 19.53 25.64 1.20
19. b,26 69,22 1.4
19.2% 10.25 66.66 1.34
19.53 19.53 59.82 1.39
Model D, condition 2
3.96 3.96 15.47 1.47
3.96 10.08 13.31 1.35
%2.96 20.15 11.87 "1.35
10.08 3.96 35,98 1.4Z
10.08 16.08 33.83 a.2
10.08 20.15 32,39 1.11
20.15 3.96 73.41 1.56
20.15 10.08 1.25 1.26
20.15 20,15 9.81 1.23

8Used in extended analysis of repested gusts.
' NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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Figs. 5,6 NACA TN No. 1320
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Figure 7.- Instrument record showing A, wing-tip-deflection time
histories, B, accelercmeter time history, and C, distance
between A and B resulting from the record light beams
striking the film 90° apart on the drum.
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Figs. 25,26 NACA TN No. 1320
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